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Abstract 
Generalizations of the Chandrasekhar-Ambartsumian X-Y 
functions of radiative transfer are used to give a new 
representation of the Bellman-Krein formula for the Fredholm 
resolvent, as well as to represent the Volterra factors 
of the Gohberg-Krein factorization theory for Fredholm 
integral operators. It is shown that the new formulas 
have direct connections to matrix Riccati equations and 
may be used to advantage in various imbedding procedures 
used to calculate the Fredholm resolvent. 
1. Introduction 
In an important paper, Schumitzky [A11 demonstrated the 
equivalence between matrix Riccati equations and Fredholm resolvents, 
in the sense that the existence of one on a certain interval 
[a,x] implied the existence of the others, and conversely. Later, 
Kailath [8] established some similar results in the context of 
linear filtering theory. In both cases, basic results related 
to factorization theory a la Gohberg-Krein [7] , the Bellman-Krein 
formula [1,10], and Wiener-Hopf equations were noted, along with 
implications for invariant imbedding procedures used to numerically 
solve Fredholm integral equations [2,5,61. 
Our objective in this note is to utilize recent developments 
in the factorization of matrix Riccati equations for the derivation 
of new representation formulas for the Bellman-Krein equation 
and the Volterra factors. In contrast to the results in Schumitzky 
[111, we will obtain representations involving functions of a single 
independent variable, thereby eliminating the so-called "expanding 
grid" phenomenon encountered in numerical calculation of the 
Fredholm resolvent by means of the Bellman-Krein equation. 
2. Problem Statement 
We consider the family of integral operators {Tx} on the 
space C [a,x] of p-dimensional vectors whose components are 
P 
complex-valued continuous functions on [a,xl. The operators 
Tx are defined by 
where H and G are constant p x n, n x p matrices, respectively 
and k(t,s) is a continuous n x n matrix kernel defined on t,s > a 
- 
by the equation 
k(t,s) = e (t-a) BFe (a-SIC + m i n ( t , ~ ) ~ ( t - S ) B ~ ~ ( S - s ) C ~ ~  
Here A, B, C, F are n x n constant matrix functions. For future 
reference, we define the n x n matrix D = GH. 
It has been shown in Schumitzky [Ill that if the matrix 
functions R(x), U(t,x), V(t,x) satisfy the equations 
- dR - A + BP. + RC + RDR , dx R(a) = F , 
d 
-U(t,x) = U (t,x) [C + DR] , 
ax U(t,t) = HR(t) , 
a 
-V(S,X) = [B + RD]V(s,x) , 
ax 
V(t,t) = R(t)G s,t - < x , 
then the Fredholm resolvent3Ylt1s,x) of Tx satisfies the equation 
a 
-W(tls1x) = U(tlx)DV(s1x) 1 3x a < t,s < x , - - ( * I  
= ~ ( ~ ~ x I x ) X ( X ~ S I X )  
X(t,x,x) = U(t,x)G I 
X ( X ~ S ~ X )  = HV(S,X) . 
(Remark: The second form of ( *  is the well-known Bellman- 
Krein formula.) In addition, the functions U and R may be used 
to numerically solve the integral equation 
by means of the initial-value system 
The results of Schumitzky [Ill also made contact with the 
Gohberg-Krein theory of factorization for integral operators. If 
we factor the integral operator Tb as 
where 9' are continuous Volterra kernels on [a,b] x [a,b] , then 
we have the representations 
Similar results are also reported in Casti [ 6 ]  and Kailath [ 8 ] .  
3. Basic Lemma 
Given the central importance of the Riccati function R, 
and the associated linear functions U and V, our goal will be 
to derive alternate representations for the basic quantities 
U (t,x) G and HV(tIx) which involve only functions of a single 
variable. This will simultaneously simplify the computational 
procedure and provide a streamlined representation for the Fred- 
holm resolvent (via the Bellman-Krein equation) and the Volterra 
factors. 
A pivotal role in our development is played by the following 
lemma: 
Riccati Lemma [ 4 , 9 ] .  Let R satisfy the matrix Riccati 
equation 
- dR - A + BR + RC + RDR , dx 
with A. B, C, D, F constant matrices. Furthermore. assume the 
matrices 
Z = A + B F + F C + F D F  , 
D = G H  , 
have ranks p, r, respectively, with Z factored as 
z = z z  1 2  ' 
Then R admits the representation 
where L1, L2, K?, K7 are n x p, p x n, n x r, r x n matrix functions, 
respectively, satisfying the equations 
dL 1 
- -  - [B + Kl (x) HI L I Ll (a) = Z1 I 
dx 
Kl (a) = FG , 
dK2 
- -  
dx - HL1L2 K2 (a) = HF . 
Remarks: i) The primary importance of the Riccati Lemma 
is in the definitions of the functions L1, L2, KII K2: 
which comes out of the proofs of the Lemma in [4,9]. 
ii) Another important fact emerging from the proof of the 
Riccati Lemma is the representation 
where YI W satisfy the linear matrix equations 
We shall make use of these identities in stating our main results. 
4. Representation Formulas 
We now apply the Riccati Lemma to prove our main 
Resolvent Representation Theorem. Assume the kernel of 
t h e  i n t e g r a l  o p e r a t o r  Tx i s  such t h a t  t h e  ma t r ix  Z has  f u l l  
rank,  i . e .  
d e t ( A  + BF + FC + FDF) # 0 . 
Then t h e  b a s i c  q u a n t i t i e s  Sf( t ,  x ,  x)  , X ( x ,  t ,  x)  d e f i n i n g  t h e  Bellman- 
Krein formula s a t i s f y  t h e  r e l a t i o n s  
where L , L K , K 2  a r e  a s  i n  t h e  R i c c a t i  Lemma. 1-2'----1- 
Proof .  By l i n e a r i t y ,  we have 
Thus, s i n c e  
we s e e  t h a t  
A s i m i l a r  proof e s t a b l i s h e s  t h e  r e s u i t  for .$f(x, t ,x) .  
The fo l lowing  c o r o l l a r y  e s t a b l i s h e s  a  s i m i l a r  r e p r e s e n t a t i o n  
f o r  t h e  V o l t e r r a  f a c t o r s .  
Coro l la ry .  The V o l t e r r a  f a c t o r s  a s s o c i a t e d  wi th  t h e  i n t e g r a l  
ope ra to r  Tb s a t i s f y  t h e  r e l a t i o n s  
5. D i s c u s s i o n  
W e  have  s e e n  t h a t  under  t h e  g e n e r i c  c o n d i t i o n  
d e t ( A  + BF+ FC + FDF) # 0 , 
t h e  Fredholm r e s o l v e n t  and t h e  V o l t e r r a  f a c t o r s  a s s o c i a t e d  w i t h  
t h e  f a m i l y  o f  Fredholm i n t e g r a l  o p e r a t o r s  {Tx} may be  e x p r e s s e d  
i n  t e r m s  o f  e a s i l y  computable  f u n c t i o n s  o f  a  s i n g l e  i n d e p e n d e n t  
v a r i a b l e .  I n  some problems o f  p r a c t i c a l  i n t e r e s t ,  however,  t h e  
g e n e r i c  c o n d i t i o n  i s  n o t  s a t i s f i e d .  I n  t h e s e  s i t u a t i o n s ,  a 
j u d i c i o u s  u s e  o f  one  o f  t h e  many p s e u d o i n v e r s e s  i n  t h e  l i t e r a t u r e  
-1 (see B e n - I s r a e l  [ 3 ] )  may b e  used  i n  p l a c e  o f  t h e  i n v e r s e s  Z 1  , 
- 1 Z 2  , t o  p r o v i d e  a n a l o g o u s  r e s u l t s .  
I t  s h o u l d  a l s o  b e  e x p l i c i t l y  p o i n t e d  o u t  t h a t  t h e  f o r e g o i n g  
r e s u l t s  made no u s e  o f  any  symmetry t h a t  may b e  p r e s e n t  i n  t h e  
k e r n e l  o f  t h e  i n t e g r a l  o p e r a t o r .  An i n s p e c t i o n  o f  t h e  r e l e v a n t  
e q u a t i o n s  immedia te ly  shows t h a t  i n  t h i s  c a s e  t h e  r e l a t i o n  
L1 = L;, K1 = K; h o l d ,  t h e r e b y  r e d u c i n g  t h e  b a s i c  sys t em o f  
e q u a t i o n s  by a  f a c t o r  o f  two. 
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